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Abstract. Let A be a closed, 1-dimensional, complex subvariety 
of C 2 and let B be a closed ball in C 2 — A. Then there exists 
a Fatou-Bieberbach domain f2 with X C O C C 2 — B and a bi- 
holomorphic map $ : — > C 2 such that C 2 — $(A) is Kobayashi 
hyperbolic. As corollaries, there is an embedding of the plane 
in C 2 whose complement is hyperbolic, and there is a nontrivial 
Fatou-Bieberbach domain containing any finite collection of com- 
plex lines. 



1. Introduction 

This paper was motivated by the question of whether there exists a 
proper holomorphic embedding $ : C — ► C 2 such that C 2 — $(C) is 
Kobayashi hyperbolic. 

For the case of a polynomial embedding P : C — > C 2 , Abhyankar 
and Moh | [A1V1| | and Suzuki H, proved that there exists a polynomial 



automorphism F of C 2 such that (F o F)(C) = Cx {0}. In contrast, 
Forstneric, Globevnik and Rosay |[FGK|| have shown that there exists a 
proper holomorphic embedding $ : C — > C 2 such that for no automor- 
phism H of C 2 is it true that (H o$)(C) = Cx {0}. This leaves open 
the question of whether the complement of an embedded copy of C is 
always Kobayashi hyperbolic. We answer this question in the following 
theorem. 

Theorem 1.1. There exists a proper holomorphic embedding $ : C — ► 
C 2 such that C 2 — $(C) is Kobayashi hyperbolic. 



This theorem is a corollary of theorem |4.1[ . As additional corollaries, 
we obtain the following theorems. 

Theorem 1.2. There exists a proper holomorphic embedding o/C into 
<C 2 such that any nonconstant holomorphic image of C intersects this 
embedding infinitely many times. 

Theorem 1.3. Let X be any finite set of complex lines in C 2 . Then 
there exists a Fatou-Bieberbach domain Q containing X with f2 ^ C 2 . 
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This last theorem answers a question of Rosay and Rudin |[RR|| , 
who constructed a Fatou-Bieberbach domain containing the coordinate 
axes and asked if a Fatou-Bieberbach domain can contain more than 2 
complex lines. 

2. Controlling images of the unit disk 

We first prove a lemma showing that certain collections of linear 
disks give control on certain (nonlinear) maps from the unit disk to 
<C 2 . 

Given two concentric balls in C 2 , we find a collection of linear disks 
near the boundary of the inner ball such that any map from the unit 
disk into the larger ball which maps near the center of the two balls 
must map most of the disk into the smaller ball. We make this more 
precise in the following lemma. The proof uses a normal families ar- 
gument and is similar in spirit to the construction of non-tame sets in 



For notation, let 7Tj denote projection to the jth coordinate, j = 1, 2, 
let A(0,r) be the (open) disk of radius r centered at in C, and let 
B(0, r) denote the (open) ball of radius r centered at the origin in C 2 . 

Lemma 2.1. Let k G Z + ; < n\ < n 2 < n 3 . Let X be a closed, 
complex, 1- dimensional subvariety o/C 2 . Then there exist finitely many 
affine complex linear maps Lj : C — > C 2 with Aj := Lj(A(0,l)) C 
B(0, n 2 ) — (B(0, ni) U X) having pairwise disjoint closures such that if 

0: A^I^B^t^-U^-, 



0(0) eB(o,m/2), 

with dist(0(O),X) > 1/k, then 0(A(0, 1 - l/2 k )) C B(0,n 2 ). 

In fact we prove a stronger result allowing small perturbations in 
place of the linear disks obtained above. 



Lemma 2.2. With the hypotheses of lemma \2. 1\ there exist disks Aj = 
Lj(A(0, 1)) as in that lemma, plus 5 > 0, such that if A'j is the image 
of a holomorphic map which is within 5 of Lj on A(0, 1) for all j, then 
for any 

0: A(0,l)^B(0,n 3 )-U,A' 



0(0)6 6(0,^/2), 

with dist(0(O),X) > 1/k, we have 0(A(0, 1 - l/2 fc )) C B(0,n 2 ). 

Proof of lemma |2.2j : Let n\ < r < n 2 , and let {aj} and {bj} be 
countable dense subsets of B(0,r) — B(0,n!) and B(0,n 2 ) — B(0,r), 
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respectively, such that iricij ^ itia m if j ^ m, I — 1,2, and likewise for 

K 

For each j, let Aj(z) = (aijZ, 0) +aj and Bj(w) = (0, (3jw)+bj, where 
aij > is chosen maximal such that A,-(A(0, 2)) C B(0, r) — (B(0, n\) U 
X), and analogously for (5j with disks in the outer shell. 

For notation, we let Aj and B'j m denote functions holomorphic and 
within 1/m of Aj and B 3 on A(0, 1). For such functions, let 

An := Uf =1 (4 im (A(0, 1)) U B'.JA(0, 1))). 

To reach a contradiction, assume that for each m there exists D m 
as above and m : A(0, 1) -> B(0,n 3 ) - £> m , m (O) G B(0,ni/2) with 
dist(0 m (O),X) > 1/fc, and 0(A(O, 1 - l/2 fe )) £ B(0,n 2 ). 

The set {0 m } is a normal family since the image of each m lies inside 
a fixed ball, so we may assume that some subsequence converges to a 
map : A(0, 1) -> B(0,n 3 ) with 0(0) G B(0,ni/2), dist(0(O),X) > 
1/k, and 0(A(O, 1)) $Z B(0,n 2 ). Then there exist nonempty open sets 
fii,fi 2 C A(0, 1) such that 0(fti) C B(0,r) - 6(0,^) and 0(Q 2 ) C 
B(0,n 2 ) -B(0,r). 

We claim that 7r 2 is constant. If not, then since 0(0) ^ X, there 
exists Z\ G fl\ such that <j)(zi) ^ X and (7r 2 0)'(2; 1 ) 7^ 0, and there exists 
a subsequence — > 0(^i). Moreover, there exists c > such that 
ctj, > c for all /. 

By continuity, there exists a neighborhood V of zi such that \iri(f)(z) — 
7ri0(zi)| < c/2 for all z G V and such that 7r 2 0(y) is a neighborhood 
of 7r 2 0(^i). For / large, 7r 2 aj; G 7r 2 0(y), and hence by choice of V there 
exists z[ e V such that 0(4) G A, ; (A(0, 1)). But then <f>(z) - A h (C) 
has an isolated zero in A 2 (0, 1), which persists under small perturba- 
tions. Hence m must intersect D m for large to, a contradiction, so 
7r 2 = const. A similar argument for 71"! shows that = const, which 
contradicts 0(0) G B(0,ni/2) and 0(A(0, 1)) £ B(0,n 2 ). 

Thus, no such sequence {0 m } exists, so we obtain the lemma by 
taking {Lj} to be some finite subset of {Aj} U {Bj} and 5 sufficiently 
small. ■ 



3. Approximation of linear disks by complex subvarieties 



In the following lemma, we use the notation reg(X) to denote the 
set of regular points of a subvariety. 
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Lemma 3.1. Let K C C 2 be polynomially convex and let X be a 
closed, 1- dimensional, complex subvariety of C 2 . Let L C X be com- 
pact such that for each p G reg(X) — (K U L) there exists a curve 
r] : [0, 1) — > reg(X) — (K U L) with r](0) = p and lim^i ||?7(t)|| = oo. 
Then K U L is polynomially convex. 

Proof: Although the ideas in the proof are standard, we include it 
for convenience. 

Let p G C 2 — (K UL). If p G" X, then there exists an entire g such 
that g = on X but g(p) 0. Also, there exists / entire such that 
\f\ < 1 on K but \f(p)\ > 1. Then for some m, we have |/ m (?(]5)| > 1 
and \f m g\ < 1 on KUL, and we can approximate f m g by a polynomial 
with the same properties. 

If p G X, then the preceding argument shows that if K p := A" U L U 
{p}, then C K U X, where Ap is the polynomial hull of K p . The 
hypotheses on L imply that X H K p is Runge in A, so we can approx- 
imate functions holomorphic on A fl K p by functions holomorphic on 
A. 

Let f(p) = 2 and / = 1/2 on (A fl K p ) — {p}, and approximate 
/ by a function g holomorphic on A such that \f — g\ < 1/4 on the 
domain of /. By ||GR] , theorem 18, ch. VIII], we may extend g to be 
holomorphic on C 2 , and then we may restrict g to a neighborhood V 
of A such that \g\ < 1 on V fl K. Composing with a convex function 
o ', we obtain a psh function cr o |g| which is on a neighborhood of 
(A R K p ) — {p} and larger than 1 at p. We can extend this function by 
so that it is psh in a neighborhood of K U A, on K U L, and larger 
than 1 at p, then restrict it to a Runge neighborhood of K p . 

Using standard d techniques, it follows that there exists a polynomial 
P on C 2 such that \P(p)\ > 1 and \P\ < 1 on K U L, so K U L is 
polynomially convex. ■ 



In the following lemma, we start with a closed, 1-dimensional, com- 
plex subvariety A of C 2 , an automorphism and some linear disks 
contained outside \&(X) and outside the ball of radius n. We construct 
an automorphism of C 2 such that the image of ^(A) under this auto- 
morphism contains pieces approximating each of the linear disks, and 
such that this automorphism is near the identity on B(0,n) and on 
some large piece of ^f(X). We do this in such a way that given some 
polynomially convex set contained in a ball disjoint from ^(A) and 
B(0, n + 1), the image of this set is disjoint from B(0, n + 2). 
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For notation, let e > 0, R, n > 0, and let $ be an automorphism of 
C 2 . Let X be a closed, 1-dimensional, complex subvariety of C 2 , and 
let Lj : C -> C 2 , j = 1, . . . , N be finitely many affine complex linear 
maps with Aj := Lj(A(0, 1)) having pairwise disjoint closures such 
that A~ n #(Jf ) = and A~ n B(0,n) = for all j. Let B = B(p , r ) 
be a ball with H (B(0,n + 1) U *(X) U Uj Aj) = 0, and let K C B 
be polynomially convex and compact. 

Lemma 3.2. There exists H : C 2 — > C 2 an automorphism such that 
\\H — I\\ <e o7iB(0,n)U$(B(0,_R)nX) and such that for each j , there 
is a submanifoldoj ofH^/(X) such that the orthogonal projection ofo~j 
onto Aj is a diffeomorphism and such that Oj is near Aj in the sense 
of lemma \K^ . Moreover, there exists a ball B(, with Bq fl (B(0, n + 2) U 
HV(X)) = and H(K ) CB' . 



Proof: Choose Pl ,... ,p N e ^(reg(X) - B(0,R)) - B(0,n) and 
choose pairwise disjoint C curves jj : [0,1] ^<D 2 , j = 0,... , AT which 
are disjoint from n B(0,i2)) U B(0,n) such that 7,(0) = pj and 
such that if j > 1, then 7j(l) = Lj(0), while ||7q(1)|| > n + 2. Let 
Wj be a neighborhood of jj such that the Wj have pairwise disjoint 
closures which are also disjoint from ty(X fl B(0,i?)) U B(0, n), and 
such that A~ C Wj if j > 1 and B(p , ^o) ^ Wo- For j > 1, let fj > 
such that ty(X) fl B(pj,rj) C W^- and such that there is an embedding 
gj : A(0, 2) - <C 2 with^( A (07i)) = *_(X) n B{ P j,Tj). 

Let X = ^(XnB(0, J R))UB(0, n)UB U(uf =1 ^(A(0, 1))). In order to 
apply the approximation result in ||FR| , theorem 2.1], we will construct 
a family $ t of maps which are biholomorphic in a neighborhood of 
K and C 2 in t with $o — ^- We will construct $i so that $i is the 
identity on B(0,n) U *(X n B(0,i2)) and maps each #j(A(0, 1)) to a 
disk near Aj, and such that $t(i^) is polynomially convex for all £, 
then approximate $i by a global automorphism. 

We show how to construct $t around a neighborhood of p\. For 
simplicity, assume p\ = and <7i(0) = pi. Now, given any complex 
linear map L such that L(A(0, 1)) C PFi is tangent to gi(A(0, 1)) at 
Pi, we can first use the family gi(xi(t)9i ip)) with Xi(0) = 1, 
small and positive, to shrink <?i(A(0, 1)) to a nearly linear disk tangent 
to L(A(0, 1)), then use the family Ai(t)gi(xi(l)gjf 1 (p)) to expand the 
small disk to approximate L(A(0, 1)). 

Note that by choosing very small, we can make the diameter 

of <7i(xi(l)A(0, 1)) as small as we like. In particular, we can translate 
this disk along 71 and use a one-parameter family of rotations to make 
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the image tangent to Aj, then expand as before to make the new im- 
age approximate Aj. Note that all of this can be done within Wj, and 
that at each stage, the image of A(0, 1) is contained in an affme linear 
image of X. Moreover, we can make the family C 2 in t. Reparametriz- 
ing, and using a similar construction for each pj, we can define $ t on 
UjL 1 gi(A(zj,rj)). We can use a similar procedure to shrink B and 

move it along 7 inside Wo so that the image is Bq as in the statement. 

Finally, each gj, j > 1 can be extended to be a biholomorphic em- 
bedding of A 2 (0, 1) into Wj, so we can use the same argument to de- 
fine Q t on a neighborhood of U^ =1 gj(A(0,l)), and similarly extend 
it to a neighborhood of Bo- Define $f = I on a neighborhood of 
$(ln B(0,R)) U B(0,n) for all t. 

Since the union of two disjoint closed balls is polynomially convex, 
and since the remaining hypotheses of the previous lemma are satisfied 
for all t, we see that $t(iQ is polynomially convex for each t. Hence 
by [ jb'Kj , theorem 2.1], there is a neighborhood V of K such that $x can 
be approximated uniformly on V by automorphisms H of C 2 . 

Choosing <3> t such that $i#j(A(0, 1)) is close to Aj for all j and 
$>i(K Q ) C Bq, then choosing an automorphism H close to $i, we obtain 
the lemma. ■ 



4. Main theorem 

Theorem 4.1. Let X be a closed, 1- dimensional, complex subvariety 
of C 2 and B a ball with B fl X = 0. Then there exists a domain 
S1CC 2 -B(| containing X and a biholomorphic map $ from f2 onto C 2 
such that C 2 — $(X) is Kobayashi hyperbolic. Moreover, all nonconstant 
images of C m C 2 intersect &(X) in infinitely many points. 

Remark 4.2. Since $ m t/ie statement of the theorem is biholomor- 
phic, it is necessarily a proper holomorphic embedding of X into C 2 . 

Proof: The first step is to construct $ as the limit of automorphisms 
of <C 2 which are constructed inductively. We will define a sequence $ m 
of automorphisms, numbers R m /* oo, and finitely many affme complex 
linear disks A™ such that 

(l m ) ||$ m (p)|| > m + 1 if p G ^and ||p|| > R m} 

(2 m ) ||$ m (p)|| >m + lifpeB , 

(3 m ) ||$ m+ i - $ m || < l/2 m on X H jOA ), 
(4 m ) ||$ m+1 o - J|| < l/2 m on B(0,m) and 
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(5 m ) if I < m and <p : A(0, 1) -> B(0, Z + 2) - U^A}-)' as in lemma |2^ 
with 0(0) e B(0, 1/2) and dist(0(O), > 1/Z, then 0(A(O, 1- 

1/2')) C B(0,Z + 1). 

Changing coordinates by a translation, we may assume BoHB(0, 1) = 
0, so we can take $o = I, Ro — 1, and choose a ball Bq such that 
B^ C B° and B° n (B(0, 1) U X) = 0. 

For the inductive construction, suppose we have m > 0, and i?/ 
for Z < m and linear discs A^- for I < m satisfying (lj) and (2/) for 
Z < m and (3;), (4;) and (5/) for Z < m. Suppose also that there exist 
balls B l , I < m, with $j(B^) C B(, and n (B(0,/ + 1) U $/(X)) = 0, 
/ < m. Note that $ m (B ) is polynomially convex since $ m is a global 
automorphism. Suppose also that $ m (X n B(0, R m )) has submanifolds 
approximating each A'- as in lemma [2.2| . 

We use lemma |2.2| with m, m + 1 and m + 2 in place of n 1; n2 and 
n 3 , respectively, with $ m (X) in place of X, and with k — m. This 
gives finitely many affine complex linear LJ 1 : C — > C 2 with AJ 1 : = 

L™(A(0, 1)) C B(0, m + 1) — B(0, m) having pairwise disjoint closures 
such that if : A(0, 1) -> B(0, m + 2) - U^A™)' as in lemma |J, 

and 0(0) G B(0,m/2) with dist(0(O), $ m (X)) > 1/m, then 0(A(O, 1 - 
l/2 m )) C B(0,m+ 1). 

We then apply lemma |3]^ with R = i? m , n = m, ^ = $ m , X un- 
changed, {-ZvJ 1 } in place of B™ in place of B , and K = $ m (B ). 
This gives an automorphism H : C 2 — > C 2 such that — J|| < e on 
B(0, m) U $ m (X fl B(0, -R m )) and such that there are submanifolds a™ 1 
of H(j) m {X) which are close enough to the A™ for lemma |2.2| and such 

that there is a ball B™ +1 with B™ +1 n (B(0,m + 2) U H$ m (X)) = 
and HQ m (Bo) C B™ +1 . _ 

By taking e sufficiently small, (l m ) together with the fact that A^- C 
B(0, m) for Z < m implies that we can make H<& m (X) pass close to 
all of these disks, in the sense of lemma [2.2| . Thus, taking $ m+ i = 
H$ m and -R m+ i > R m + 1 large, we obtain the inductive condition 
on submanifolds of <& m+ i(X), as well as (l m+ i), (2 m+1 ), (3 m ), (4 m ) and 

(5j7i). 

To show that {$ m } converges to give a map $ : — > C 2 , let 
fl m := fc-^B^m)). If p G fi m , then ||$ m+ i(p) - $ m (p)|| = ||($m+i 
$- 1 )($ m (p))-/($ m (p))|| < Hence ||$ m+ i(p)ll < m+l/2 m < m+1, 
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so p G fi m +i. It follows that the sequence {$ m } converges locally uni- 
formly on Q := Uf2 m to a map $. 

Suppose p G fi m+ i — ft m . Then 

||*(p) " *m+i(p)|| = II lim (MP) ~ *m+i(p))|| 

< X] ll*frn(p)-**(p)ll 

fe>TO+l 




Hence $(p) G B(0, m + 1 + l/2 m ) - B(0, m - l/2 m ). It follows that 
$ is a proper map from to C 2 . In particular, $ must have maximal 
rank 2. Since $ is a limit of automorphisms, it follows that $ has 
nonvanishing Jacobian everywhere in Q. A standard argument implies 
that <3> is injective on Q, and (4 m ) implies that B(0,m — 1) C $ fc (f2 m ) 
for k > m, so that $ is surjective. Hence $ is a biholomorphism from 
Q onto <D 2 . 

From (2 m ) we see that B PI Q m = for all m, hence B fl Q = 0. 

If p G X, then p G X fl B(0, _R m ) for some m. It follows from (3 TO ) 
that ||$ fc (p)|| < ||$ m (p)|| + E"iV2 j < \\* m (p)\\ + 1 for all k > m. 
Hence if k is large enough, ||$fc(p)|| < k and so p G Qk- Therefore 
Xctt. 

Before continuing, note that the approximation of A^ by each $ m (Xfl 
B(0, R m )) implies that <&(X) has submanifolds which approximate each 
A^ in the sense of lemma |2.2j . 

We show next that C 2 — $(X) is Kobayashi hyperbolic. If not, there 
is a point p in <C 2 — &(X), a nonzero tangent vector £ G T P C 2 , and a 
sequence of holomorphic maps <pk : A(0, + 1) — > C 2 — $(X) such that 
0fc(O) = Pk, 0fc(°) = 6, and {pk,£k) -> (p,0- 

Since p ^ < ^ > (^) ) there is an integer m > 1 such that p G B(0, m /2) 
and dist(p, $(X)) > l/m . From (l m ) and (3 m ), there exist k\ > 1, 
mi > mo such that dist(pfc, $ m (X)) > l/m for k > k±, m > mi. 

Fixing k > ki, we see that 0fc(A(O, k)) C B(0, m + 2) for some m > 
mi large. Since (pk misses $(X), we see that ip k {.z) '■= <fik(z/k) maps 
A(0, 1) into B(0, m+2)-U,(A™)', ^ fc (0) = p k and dist(^(0), $ m (X)) > 
1/m. Thus^ fc (A(0, l-l/2 m )) C B(0, m+1) by (5 m ). By induction, we 
see that ^fe(A(0,n m > mi (l-l/2 m ))) C B(0,mi + 1). Hence there exists 
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r > independent of k such that 11^(^)11 < m i + 1 f° r & U M < r - 
This implies that ||^>fc(^)|| < mi + 1 for all |z| < fcr and hence that 
(f)' k (0) — > 0, a contradiction. Thus, C 2 — is Kobayashi hyperbolic. 

Finally, if g : C — > <C 2 is a nonconstant holomorphic map which 
intersects only finitely many times, then these points of inter- 

section are contained in some large ball. By reparametrizing, we may 
assume that g(0) &(X), then use an argument like the one just given 
to show that the image of g must be contained in some large ball, a 
contradiction. ■ 

The theorems in section 1 now follow immediately by taking X to be 
the z-axis for the first two theorems and to be any finite collection of 
complex lines for the third theorem. In Theorem 1.3 one can replace X 
by any countable union of closed subvarieties of C 2 avoiding a fixed ball. 
The proof of Theorem 4.1 still goes through. Moreover, if X is a dense, 
countable union of closed subvarieties of C 2 and S is any discrete set of 
points in the complement of X, then there exists a Fatou-Bieberbach 
domain fl,IcOcC 2 \S. 

Note that theorem |4.1| can be applied to any Riemann surface which 
admits a proper holomorphic embedding into C 2 , so in particular, there 
is an embedding of the disk whose complement is Kobayashi hyperbolic. 
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